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Abstract—The delay-Doppler map is the primary observable
used in most Global Navigation Satellite System (GNSS) re-
flectometry retrieval algorithms. The standard underlying as-
sumption is to consider a conditional (deterministic) signal
model, whereby all unknown parameters are assumed to be
deterministic. However, a Gaussian random surface scattering
model, leading to an unconditional (stochastic) signal model
(USM), may be more informative. To assess the potential benefits
of the USM, we first consider delay and Gaussian source mean
and variance estimation. For these, we derive compact, closed-
form, unconditional Cramér—Rao bound (CRB) expressions and
the corresponding maximum likelihood estimators. The results
are validated with a representative GNSS signal.

Index Terms—Unconditional CRB, unconditional MLE, delay
estimation, Gaussian scattering, band-limited signals.

I. INTRODUCTION

Global Navigation Satellite Systems (GNSS) reflectometry
(GNSS-R) is a powerful way to retrieve information from a
reflecting surface (for Earth observation) by exploiting GNSS
as signals of opportunity [1-3]. There exist a plethora of
applications and retrieval methods depending on the sensing
platform, the satellite geometry, and the reflecting surface,
which may lead to either altimetric information or the reflect-
ing surface characterization (e.g., roughness, surface wind, soil
moisture, sea-ice salinity or snow water content) [4, 5].

In dual-antenna configurations the main input to the dif-
ferent retrieval methods is the delay-Doppler map (DDM) of
the scattered signal (i.e., an image of the scattering coefficient
in the delay-Doppler domain), which is obtained by cross-
correlation of a local GNSS code replica and the signal from
the down-looking antenna at different delays and Doppler
frequency shifts. The DDM observable strongly depends on
the nature of the reflecting surface, which may induce a diffuse
scattering, a coherent reflection, or a mixed diffuse/coherent
reflection [1, 4, 5]. This led to several studies focusing on the
analysis, detection and characterization of the reflected signal
coherence [6-16]. In particular, it was shown in [7] that by
computing the variance of DDM observables it was possible
to decouple the diffuse and coherent scattering contributions,
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allowing to process the latter without the distortion induced
by the former, leading to possible new applications (e.g.,
improved resolution for altimetry, or wave periods estimation).

From a signal processing perspective, the underlying as-
sumption to build a DDM (scattering coefficients such as the
complex amplitude of the different cross-correlation points),
and to estimate the delay and Doppler of the specular point for
coherent reflections [17], is to consider a Gaussian conditional
signal model (CSM) [18]. That is, for the reflected signal: de-
lay, Doppler, complex amplitude, and noise power are assumed
to be unknown deterministic parameters. In this case: i) the
conditional Cramér-Rao bound (CRB.) [19, 20] provides the
optimal performance in the mean square error (MSE) sense,
and ii) the conditional maximum likelihood (ML) estimator
(CMLE) is known to be asymptotically efficient (i.e., in
the large sample and/or high signal-to-noise (SNR) regimes
[18, 21]). The question that ignited this work, in line with the
DDM variance estimator introduced in [6, 7] is: considering
a Gaussian prior for the scattering, does one obtain additional
useful information for GNSS-R applications?

In contrast to the standard (deterministic) CSM case, an
unconditional (stochastic) signal model (USM) [18] needs
to be considered to properly account for a random surface
scattering. In this study, a simplified USM, assuming a known
and compensated Doppler shift, is introduced to demonstrate
the interest of that approach. With those assumptions, the goals
of this contribution are i) to derive closed-form unconditional
CRB (CRB,) expressions for the estimation of the Gaussian
scattering mean and variance and signal delay, and ii) to
assess the performance of the corresponding unconditional
ML estimator (UMLE) [22]. The results are validated with
a representative band-limited GNSS signal.

II. SIGNAL MODEL AND PROBLEM FORMULATION

The transmission of a GNSS band-limited signal s(¢) with
bandwidth B, from a GNSS satellite 7" to a GNSS-R receiver
R with two antennas is considered. The signal of interest
is the signal that goes through a surface reflection and is
collected by the down-looking antenna. If the T-to-R distance
is constant during the observation time (constant propagation
delay 7), the baseband output of the receiver front-end is
y(t) = as(t — 1) + n(t), where n(t) is a complex white



Gaussian noise with variance 02, and « is a complex am-

plitude that mainly depends on i) the reflecting surface, and
ii) the transmitted signal power, 7" and R antenna gains and
polarizations, and the propagation path length between 7" and
R [1, 23, 24]. The discrete signal model is built from K
snapshots, each one with N samples at T, = 1/F;, and
F, > B the Hilbert filter bandwidth,

Y = OtkS(T) +ng, ng ~ (/’./\/'(O,O'TQLII\/)7 k=1

with y7' = (yx(Ts),...,ys(NTy)) the received signal sam-
ples, s'(1) = (s(Ty — 7),...,8(NT, — 7)) the delayed
transmitted signal samples, nl = (ng(Ts),...,nk(NTy)).
Depending on the definition of «ay, the following signal models
can be considered:

S K, (1)

« Standard noncoherent case: «y is a complex parameter
that changes between snapshots. The CSM is then,

Vi ~ CN(ags(7),0:In), k=1,..., K, 2)

where the unknown deterministic parameters to be esti-
mated are 02, aT = (a1,...,ak) and 7.
o« USM: the case of interest, where a complex Gaussian

prior is assumed for ay. Then, for k =1,... K,
Qg ~ CN(MQ703)7 Mo = pejw7 (321)
Y ~CN(m,C), m = paln, (3b)
C = o2s(7)s™ (1) + 021y, (3¢)

where p € RT and 0 < ¢ < 2m, and the unknown pa-
rameters to be estimated are now 87 = (02,02, p, 0, 7),
for which the corresponding CRB and UMLE are needed.

III. CONDITIONAL AND UNCONDITIONAL MAXIMUM
LIKELIHOOD ESTIMATORS

A. Background on standard (CMLE) processing

To build a DDM the standard processing is to perform
the cross-correlation of a local signal replica and the signal
recorded from the down-looking antenna. To build that map,
the correlation is performed at different delays and Doppler
frequency shifts, first in a coherent manner (the coherent inte-
gration time depends on the GNSS signal used, i.e., because
of the code length and bit transitions), and then averaged or
noncoherently integrated [25]. Regarding the coherent inte-
gration step, it is well known that the delay CMLE is given
by the maximum of the cross-correlation. In contrast, the
second step needs to consider (2). With ||s[|> £ s'’s, and
the correlation function r(7) = s(7)y}, the noncoherent
CMLEs are (subscript ¢ for conditional),

K
T, = arg maxz 7% (1|2, 4)
K 2
1 (Te
Z ( 2 _ In@ 2)\ ) 7 )
N & Isl
Qe = TTS(ﬁ;) (for each snapshot). (6)

Notice that the mean and variance of the complex vector « are
not directly available through the CMLE, but one may compute
the sample mean and sample variance from individual &, . as,

1 & 1 &
_ N5, 52 S a2
- K Z Ak ¢y Ua’c - K _1 Z |ak,c Ma,c| .
k=1 k=1
B. Unconditional ML Estimators

In this section, the UMLE expressions that will be used
to validate the CRBs derived in Section IV are presented.
Given the USM in (3), the minimization of the negative log-
likelihood leads to (subscript u for unconditional),

7, = argmin{C, (7)), ®)
K P\
oo~ (i~ 55))
k=1

K 2
X (Z’W(T)— (7’)’ >, 9)
k=1

where 7(7) = % Zle (7). The noise power UMLE is,

1 & (7)1
Or = <Yk2—k “ ) (10)
»= o 2\ - T

and the Gaussian noise scattering mean and variance UMLEs,

re(T) _ T(Tw)
,uau = = 5 (11)
KZ Isl> Il
K ~\2 2 ~ 2
3(3” _ 1 Z Nlrk(Tu)l _ vkl _ |Ha,ul )
O K(N-1) Is(|* s/ sl
k=1

IV. CLOSED-FORM UNCONDITIONAL CRB

Given the USM in (3), the corresponding CRB,, for the esti-
mation of 87 = (02,02, p, p, T) is now derived. For complex
Gaussian observations, the Fisher information matrix (FIM)
entries can be obtained from the Slepian-Bangs formula,

ron = {(3) o (57)}

oC oC
Tr(C'—C™! 12
o ( 96, 394) (12)
It can be shown that the FIM takes the following form:
Wy, Wan O 0 0
Wea,n Wey 0 0 0
FO)=K | 0 0 w, O 0 |, (13)
0 0 0 wy, wry
0 0 0 wrp wr
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2 W33 W3 |w3‘2
= — —= —_— - , (17

v 1—|—ﬁ(/yw1 +ﬂ(7+5)(w1 w? an
where, 3 = a3 |ls||*/an. v = p?[|s||* /o7, and wy = |s]]/ F,
wy = s As/F,, Wy3 = F,s"Vs were introduced in [20].
The definition of A and V are recalled hereafter:

Al - {(—fw et 19)
’ T else.

V], = {Q(f){fé it k=0 19
’ W else.

The FIM (13) being block diagonal, its inverse is easily
obtained, yielding the following closed-form expressions:

1+

CRB,(7) = —~, (20
2K (v -+ By -+ B) (e — 1)
(02)" (1+ (N = 1) (1+5)%)
2y
CRB,(02) = O : @1
CRB,(p) = %ai, (22)
2
CRB.(¢) = et + CRB. (1)) @3)
1
2y _ (07)?
CRB.(0}) = 331 (24)

V. VALIDATION

To validate the proposed CRB, and assess the performance
of the corresponding estimators, a simulated GPS L1 C/A
signal sampled at 4 MHz is considered. The MSE for the
estimation of @ is obtained from 1000 Monte Carlo runs. The
SNR at the output of the matched filter for a single snapshot
is defined as SNRy, = P||s||?/02, where P = p? 4 02 is the
total averaged power.

In order to assess the impact of the different parameters of
interest on the estimation performance, the following param-
eter is introduced as in [26]:

2

p
=—¢c(0,1).
=2 e

The parameter ¢ can be seen as the coherent fraction of
the power. When € values are above 0.5 there is a smaller
contribution from o2 compared to p, and vice versa. That
formulation allows to move from the standard zero-mean USM
(e =0,p=0) to the (coherent) CSM (e = 1,02 = 0).

All the figures related to the estimation of o2 and p have
been normalized with respect to the power P. Consequently,
they display the Normalized MSE (NMSE) and CRB (NCRB).

Figures 1 and 2 present the MSE of the UMLE of the time
delay 7, the amplitude mean p and variance o2, with respect to
the number of snapshots K, the SNR,,; and €. For the MSE
of the time-delay, only the CRB for ¢ = 1 is displayed as
the CRBs for the considered values of SNR,,; and number of
snapshots K are very close to each other.

In these figures, when ¢ is closer to 1, the UMLE performs

better for the estimation of p and o2, while for the estimation

(25)
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Figure 1: Comparison of the UMLE and CRB. (Top) MSE for the delay 7;

(Middle) NMSE for the mean p; (Bottom) NMSE for the variance o2 ; versus
the number of snapshots K (at SNRqy: = 20 dB), for different e.

of 7, they are all asymptotically equivalent. That does not
come as a surprise: when the total power P is fixed, a value
of € closer to 1 means a lower variance. In that case, the
parameter o2 contributes less to the total power and the
amplitude randomness decreases as well, while the parameter

p increasing the power does not add randomness.
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Figure 2: Comparison of the UMLE and CRB. (Top) MSE for the delay 7;
(Middle) NMSE for the mean p; (Bottom) NMSE for the variance ag; versus
SNRout (at K = 20), for different values of parameter €.

From Figures 1 and 2, it clearly appears that the considered
MSE:s reach the proposed CRB. This result validates the CRB
expressions derived in Section IV.

By setting ¢ = 1, one ends up trying to estimate a zero-
valued power variance where there is no need to estimate it.
In that case, the CMLE seems more appropriate, but it may

be interesting to estimate o2 even though it is null. Figure 3
presents a comparison between the CMLE (7) and the UMLE
(11) for the estimation of o2 in the case where 02 = 0
(e = 1). Interestingly, this figure shows that it might be worth
implementing the UMLE rather than rely on the CMLE for

the estimation of a small o2.
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Figure 3: Comparison between CMLE and UMLE, with ¢ = 1 (62 = 0) at
SNRouw = 20 dB.

VI. CONCLUSIONS

In this study, an USM is proposed to collect more informa-
tion from the complex amplitude in the context of DDM eval-
uations, along with time-delay estimation. For the proposed
signal model, the corresponding ML estimators and closed-
form expressions for the CRB were derived and validated
through simulations. The main outcome is that the UMLE
preserves the time-delay estimation performance of the CMLE,
while also allowing access to more information. In fact, with
that signal model, one can estimate o2 which is typically not
observable in the CSM, and the phase and amplitude which
are not observable in the standard zero mean USM. Notice
that, for a given total power, the largest the ¢, the smaller the
error. This is due to the fact that the component o2, while
possibly adding information of interest, also adds randomness
to the signal. Overall, the CRB expressions give the ultimate
achievable performance on the estimation of delay, and both
mean and variance of a Gaussian source scattering, and the
UMLE:s are shown to be asymptotically efficient.
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