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1 Derivation of Convolution Terms Using the Fourier Transform
Properties
Let s(t) and r(¢) be band-limited signals of bandwidth smaller than B sampled at frequency F; over

N = N, — N; samples. The aim of this note is to provide details on the evaluation of the following
integral terms:

wy = / s(t —7)r(t — Tk)*e_jQch(b(t_T)_bk(t_Tk))dt7 (1)
R

wy = /R (t = 7)s(t — 7)1 (t — 7)"e—I2mfe=D)=bult=71)) gy 2)

wy = / (t — 7)2s(t — T)r(t — 7)) e T2 “bult=T) g 3)
R

oy — / S(l)(t — (- Tk)*e—jQWf(;(b(t—T)—bk(t—m))dt) 4)
R

ws = /R(t . T)s(l)(t . T)?“(t _ Tk)*B—J'erfc(b(t—f)—bk(t—ﬂc))dt7 (5)

we = / st — 1)r(t — ) e 2T gy (6)
R

where 7 is a time delay, (1 — b) is a dilatation term due to Doppler effect, f. is carrier frequency and
the superscript () refers to the i-th time derivative of signal s(t).

1.1 Prior Considerations

First the Fourier transform of a set of functions are to be evaluated. Remembering that the signal is
band-limited of band B < F, one has:

s(t) = FT{s(0)} (f) = S(f) = (Fi > s(nTs)e‘j"’”f”Ts) Uomm] ™)



In order to tackle the issue that may come from the spectral shift due to Doppler effect. One simply
needs to take F} large enough so that £= > £ + f max {|b], |bs|, |b — bk|}.

A first expression is a simple application of the frequency shift relation when using the Fourier
transform of a signal multiplied by a complex time-varying exponential.

s(t)e™ M = FT {s(t)e”*™ "} (f) £ S(f — feb) (8)

Then, let s, be defined by s1(t;b) = s(t)e??™/< it is known that

s (t;0) = ziif (FT {0} (1) ©)
(8)
therefore d
ts(t)ei2mhebt = QJ—W@ (S(f — £.b)) (10)
Similarly
2 j2m fobt . ‘ ? d2
e = (L) S (s(r - 1) (1)

Besides, with the superscript (V) referring to the first time derivative,
d ; .
Wit;b) 2 dt(slu b)) = s (1) 1 (27 f.b)s: (8 D)
& s ()™M = s{V (£ b) — (j2 f.b)s1(t;b)
Then, knowing the Fourier transform of the £-th time derivative of a function

FT {s® ()} (f) £ (727 /)*S(f) (12)
one directly gets
s () = jor (f — [b) S(f — fob) (13)
Now, if s, is defined as sy(t; b) = ts(t)ei2™/ebt,
sV (t:b) = s1(t:b) + zs<1>(t)eﬂﬂfcbt + (j2m £.b)sa(t; b)
& s ()2 = — g (1:b) + s (£ b) — (j2m £.b) so(t: D)
R/—/ —— ——

®) (12) (10)
therefore, q
ts () = —S(f — f.b) = (f - Jb) g5 (U = J:b) (14)
Finally, by taking again s; as s, (t;b) = s(t)e/?m/,
@ (t:p) = (t)eﬂ“fc”t + 2(j27m £.b)sW ()2 1 (521 f.b) s (t; ) (15)
& s< >(t)eﬂ2“fcbt = s (t; ) = (jAr £.b) s (£) e L7 (£.b)? 51(t; b) (16)
(12) (13) @®)

one obtains,

s (t)e??™ M = (j2r f)2S(f — fub) + 872 Lb(f — fb)S(f — fo)) + 4> (fD)2S(f — f.b)  (1T)
= —4m? (f — f.b)> S(f — f.b) (18)



1.2 Evaluation of the Integrals

1.2.1 Integral w,

wy = / s(t — 7)r(t — 7,) e Wbl =bult=m1)) gy
R

— e Iwebk ATk / s(u)r(u — ATk)*ejwcAb’““du
R

with A7, £ 7, — 7 and Ab, £ b, —b. Then, using the Fourier transform properties over the hermitian
product,

wy eI PR ATE — / s(u)ed@e A (r(y — A1y,)) " du
R~
(®)

= | S(f — f.Aby) (R(f)e 72mA™) " df

_Fs
2
1 1 & '
= [T 3 st gstan (L5 e ) oy
7% s n=N1 $ n=N1
1 % No f(‘ . AT No . ’
_ F Z (TLT )6 i2nfn ]27r kp, 6]27rfT—s Z T(?’LTS)G_j%rfn df
n=N1 n=N1

= wh—t

(o) )*> I (e(f) af
) FiSrH </- ”(f>”H(f>€j2”fAT?df> U (_ fc?;b’“) s

Ly (82 (L),

F, T, F,
Hence
1 AT, Ab b AT
with
. T
v(f)=( o @) e, (20
U (p) = diag ( e J%mpn )Nl ney (21)
Va9 (q) = / Cu(f (e ad (22)
1
)



and

1

[V22(9)],, = / emitag

eiznf(k—l-q) 712
- {J’?W(kf —l- Q)}_;
_sin(n(k—-1—-¢q) . L
= i) sinc (k — 1 — q) (23)

|
Wl

1.2.2 Integral w,

Wy = /(t — 7)s(t — 7T)r(t — 73,) e Iweblt=mmbelt=T)) gy
R

— G_chbkATk/US(U)T(U—ATk)*GJwCAbkudu
R
Therefore,

Wy elwebk ATy

—

us(u)ed 8 (r(u — Ary)) du

(10)

L5 (5 = a0 ) (RN o

By . Na
(2 (1, . —jon(f—foAbnTs | _j2mfAr
- /_f;s (—%(—j27TTS) g s(nTs)ne k e k

n=Np
1 Qe ’
X <— Z T(nTs)e_ﬂ”f”T‘“> df
s n=N1
1 3 N2 o chbk o A‘rk N2 . '
= ﬁ/ Z s(nT,)ne 92T In I eI Z r(nT,)e ™M) df
s _% n=N1 n=N;
1 [2 £.0by _
=/, (STDU( ) I () af
s /=3
1

S < / L (e T d) chb'f Ds

L hyra, ATy JeAby
e

wy = LA (—%) U (— J C?bk> Ds e /«team (24)

with U and V20, defined in (21) and (22), respectively, and with

D =diag( ... n "')ngngwg (25)
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1.2.3 Integral w;
ws = /(t — 7)2s(t — 7)r(t — 7 )* e Iwe b =bkt=m)) gy
R
— o Jwebk AT / u2s(u)r(u _ ATk)*ejwcAbkudu
R

Therefore,

waed e PRATe — /uQS(u)ejwcAb’““ (r(u— A,))" du
R

N
an
2 j 2 32 s
= o \\2r) qE U~ fab) | (R(f)e ) df
2
% 1 j 2 No
— I o 2 2 _—j2m(f—feAbr)nTs jormfAT,
= /V_FS (FS (27T> ( .]27TT3) Z S(nTs)n e )6
2 v
1 N2 *
% (F > T(nTs)e‘”’ff”TS) df
S =N,
1 % N . o fe by o AT N2 ‘ *
5 (2 st ) s (5 e ) g
S 7% n:Nl n:Nl
L[ A .
= Iz 21 (STD2U <_fF k) y(f)*) €J2TrfATSk (I'Hl/(f)> df
s Y73 s

_ %rH </2 V(f)z/H(f)ejQ”fAT?df> U (_ fc?bk) D2s

— LrHVA,O (_ﬂ) U (_ chbk) DQS

135 T F
Hence
1 g A0 ATy, JeAby 2. —jwebp AT
W3 = F—EI‘ A% (—TS U —TS D*s e %P2k (26)

with U, VA0 and D defined in (21), (22) and (25) respectively.

1.2.4 Integral w,

w0y = / SOt 7Yt — 1)t e Bt =nl=m) gy
R

_ e—jWCbkATk / 8(1)(u)r(u— ATk)*ejwcAbkudu
R



Therefore,

w4ejwcbkATk = / 3(1)(U)€jwcAbku (T(U - ATk))* du
R———
(13)

— /_;S (]27T(f - chbk)S(f — chbk)) (R<f)e—j27rfATk)*df

Fs

Fs N
- / 2 (JQW(f - chbk)Fi Z s(nTs)eﬁ’T(fchbk)nTs> pI2mf AT,

Fs
E n:N1
1 N2 *
— —j2nfnTs
x (F > r(nTue > df
=N
\: 2 fc k 9 A‘I’k
== / J2(FFs— fAb) S s(nTy e et R | ciner
% n:N1
x (Z (nTs)e‘ﬂ”f”) df
nle

1

- Fi /21 <j27r(fF felAb)s"U <—¢> v(f)" ) eI (x"v(f)) df

(]271'/ f]/ JQWfATdef> U (_ chbk;) s
JQWfCAbk ( F)erEg f) (_ fc?bk) .

AT feAb 27 f.Ab Ar £.Ab
Vel d b JEM]eBO% a0 2Tk SR
M ( ) < ) Fs v ( T, )U< 7 )s

AT, JeAD JweAD AT
_ [ HyAl [ 27k _Je=Yk _ J¥eBYE Hy A0 [ 2k
w4(rV < TS)U< 7 )s a3 rv ( Ts>

Hence

(27)
Ab .
x U (— fCFs k) s) e Iwebk AT
with U and V20 defined in (21) and (22) and
VAL (g) = j2r [ fu(f)wt(f)e 2 Tadf (28)
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and

1

2 .
[VA,I (Q)} b — j27T/ f6]27rf(k—l—q)df
fei?rfk=l=q) : +3  gi2nf(k—l—q)
= 12 _ d
2 {J’?w(k—l—q)}; / k==

: 1
_ Lonteicay (LY snthoig] [T
j2m(k—1—q) \ |2 2 j2m(k—1—¢q)|_1
2

_ k_;l_q (cos ((k — 1 — q)) — sinc (k — 1 — ) (29)

N

1.2.5 Integral ws

ws = /(t —7)sW(t — )r(t — 7 )FeIweblU=T)=belt=m)) gy
R

= e JwebkATK / usV (u)r(u — Ar,)*elweAbudy
R



Therefore,

w47 — [ s () S (5 — M) du
R

\ 7

14)

- _; <—5(f — fAby) — (f — chbk)% (S(f — chbk))) (R(f)e—j%rqu—k)*df
U famons
2 n=N1 1 .
— (f = feAby) (F(—JQ?TTS) Z s(nTs)ne_jQW(f—chbk)nTs)>
# n=N1

N2

. 1 . )
X e]?ﬂfA’Tk (F Z r(nTs)e—]%rfnTs> df
s ’I’L:Nl

N2 N2 *
1 . . c AT .
— —F ( g S(nTS)e—jQﬂ"f’rLe‘jQﬂ'fF ) 27Tf k ( : : T(nTs)e—]Qﬂ'fn> df

n=N1 n=N;

1 N No

1 2 . .o fcAb AT )

+ 7 /. j2nf (Z S(HTs)ne—ﬂwfneJQn i kn) j2m f (Z T(nTs)e_]2ﬂfn
V73 n=N1 =Ny
1/ N, N i

. Ab 2 . N o AT ,

_ j27rfCF2 k / 1 ( Z S(nTS)ne_]Qﬂfne]%T s kn) 6]27Tf Tsk ( Z T(nTs)e—jQKfn> df
s 2 \n=M eI,

- ‘_/ . ( ( fCAbk) v(f) )f (x"u(h) df
e [ (300 (< ) e i)
_ jzﬁfcﬁzbk / (STDU <— fﬁb’“) v(f)* )eJQTFfATk (e (1)) df
B _FirH (/ V(f)V(f)Heﬂ”fAT?“df> U <‘fcﬁ%bk) ®
o (jzw / 5 fV(f)V(f)Heﬂ”fAT?df) U <—f6?bk) bs
—j2ﬁfc$ber (/_2 V(f)l/(f)Hej%fATzkdf> U ( chbk)
_ _i , _% fCAbk 1 A, fCAbk
Ly (LAY g (LEAR) L Ty (80 g (L£80 Y p,

_ jQﬂ_fCAbk rHvA,O ( AT]C) U ( cAbk’)
F




Hence

(JJCAbk H~7A0 ATk fCAbk —jwebp ATy
¥ FSQ T V TS U Fs DS e

_ L a0 (AT JeAby I ponar [ An
w5—( FSrV ( T, U 2 s+F8rV T, U

_chbk:
F

) s

with U, V&0 VA1 and D defined in (21), (22), (28) and (25).

1.2.6 Integral wg

ws = / SO P)r(t — ) eIt gy
R

= g Wbk ATk / s (w)r(u — Ary)*el*=Abeudy
R

(30)



weeWeORATE — / 53 (u) B (r(u — Aryp))* du
R N——

(18

= [ (24w~ £AWPS(F - 80)) (RUE ) o
Na
= /I;S ((—4W2f2 —|—87T2fchbk —47r2(chbk)2) (Fi Z S(nTs)eﬂ’T(fchbk)nTs))

s n=N1
1 & )
x I IAT <_Fs nE r(nTs)eﬂ’Tf”Ts> df

N

N2
((—W(mﬁ+8w2<fFS>chbk—4w2<fCAbk>2) (%Z S(nT, e ineits 5 ))

s
n=N1

No *
; T 1 .
X e]27rfATSk (F j : r(nTs>€]2ﬂ'fn> dfFS

s
n=N1

— /_ ((—F5(47r2f2) — jam f Abp (527 f) — 4w2%) <sTU (—%Sb’“) V(f)*))

2
ATy

x T () df
= —Fer (471'2/ le/(f)l/<f)Hej27TfATTskdf) U <_fCAbk) <

F
—j47TfCAka‘H (]27‘( fV<f) (f)HejQWfAT‘;kdf> U (_ fCAbk> S

N|=

S

Fy

. 2_<fc§sbk> ol ( / * V(f)V(f)HeJ'QWfAT?df> U (_ fc?fk) s

2

— _FrHvA2 < ATk) U ( fc?bk) S—j47chAberVA71 <_%) U (_chbk) S

T, F,
4 (chbk: HVA(] ( AT > (_ fc?bk‘> S

M‘H

N

[un

Hence

AT f.Ab , AT, f.Ab
_{ _ HyrA2 [ 2k _ Je2Uk o HysAL [ 2k _ Je2Uk
Wg = ( ForV < T ) U ( F ) S — 2w Abpr™V ( T ) U ( £ ) S

_ (wcAbk)2rHVA,0 <_%) U (_chbk) S) e*jwcbkATk

FS TS FS
(31)
with U, V29 and V2! defined in (21), (22) and (28) and
VA2 (g) =dn® [ Pu(fpt(f)e iy (32)
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and

1

2 .
[VA,Q (Q)] y _ 47T2 f26]277f(k—l—q)df

) f26j27rf(k—l—q) %
=4
" L’ZW(k—l—Q)}

B 42 1
o 2r(k—1—q)4

]2 fed2mfi=l=q) 3 +3  pi2nf(k—l—q) .
g2k —1—q) L%(k—Z—q)}_l‘/; ==

2
872

(j2r(k —1—q))?

27 f (k—1— i
X lejﬂ(k—l—q) - _1 e_jﬂ(k_l_q) B e’ 1( q) 2
: . 2k —1-q)_,

872
42 (k — 1 — q)?
X (cos (m(k —1—q)) —sinc (k—1—q))
cos (m(k —1—q)) —sinc (k — 1 —q)
(k—1—q)°

D=

+1 jor f(k—l—q)
- / = df
_1 2k —1—q)

[e7mk=l=a) _ g=inlk=l=a)]

1
2

= m?sinc (k — [ — q) —

= m2sinc (k — 1 —q) +

= n%sinc (k — 1 — q) + 2 (33)

1.3 Matrix Properties

Based on the definitions of matrices VA0, V&1 V22 and U, one can do the following remarks:
. (VA0(g)" = V29(—g),

(VA I ) —VAL(—g),

(

VA2 ) _VAQ( ),

(Up)" =U(-p).

2 Kullback-Leibler Divergence and Mispecified Maximum Like-
lihood Estimator

2.1 Signal Models

In this section two signal models are considered. One, referred to as the true model considers the
reception of two sources embedded in an additive white Gaussian noise:

X = qpag + aja; +w, w ~ CN(0,021y) , (34)
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with, for i € {0,1}, a; = p;e?® and, for n € [Ny, No,

x" = (..., a(nT}), ...),
AT = a(m)" = (.... a(nTim). ...)
w' = (., w(nl), ... .

7, is a vector of unknown parameters (delay and Doppler parameters for instance) that parameter-
ized the signal of interest a and @7 = [n7, p;, ¢;] is the concatenated vector of parameters the i-th
contributor. Consequently, the true data model PDF, noted py(x|6y, 6, ), is written as:

px(X|00, 01) = CN(OéOa() + aiay, O'ZIN). (35)

The second signal model, referred to as psuedotrue model considers the reception of a single source
with an additivie white Gaussian noise:

X = apay +w, w ~ CN(0, aiIN) , (36)
with, a,,; = ppee?®®t and, for n € [Ny, Na),
agt = a(npt)T = ( s a(nTmy,), - ) ,

and the subscript pt refers to psuedotrue which will necessarily depend on the true values 6, and 6.
Then, the misspecified data model PDF, noted fx(x|8,;) is written as:

Jx(X04) = CN (ogppae, 071y) (37)

where 0, = [1,;, Py, ¢pi]" is the vector of pseudotrue parameters.

2.2 Kullback-Leibler Divergence Computation

In the case of a misspecified scenario, one uses a the single source model (37) whereas the true
model is a dual source model (35). In this case, the pseudotrue parameters 8,, are the values of the
parameters 8 = [’ p, ¢|” that minimise the Kullback-Leibler Divergence (KLD) between the true
and misspecified distribution models.

D(p«llfx) = Ep {In (pe(x; 09, 601)) — In (fx(x;8))} (38)
0, = arg Irbin {D(pxl| fx)} = arg mm {E,{—In(fx(x;0))}}, (39)
where E,{-} is the expectation with respect to the true model’s pdf, and

—In (fx(x;0)) = =N lIn(mw) — 2N In(o,) + % |x — ca(n)|”. (40)

n

The last term of (40) can be expanded as follows:
Ix — aa(n)[|* =[x — (aay + cra1) + (aay + ara;) — aa(n)|” (41)
= ||x — (ag + aray) |’ + ||away + ara; — ca(n)|?
+ (x — (cwap + aray))” )
+ (Oloa() + oa; — aa(n)) (X - (Oé()ao + alal)) (42)

(awpag + a1a; — aa(n

12



The expectation of the first term of (42) is the noise covariance, which cannot be minimized and the
expectations of the last two terms of (42) are null. Consequently, to minimize the expectation of (40)
w.r.t. the argument 0, the equation can be simplified as,

arg mgin {E,{—In(fx(x;0))}} = arg mein {llavao + cna; — aa(n)Hz} . (43)
Let P, be the orthogonal projector and P,~ = Iy — P, with P, = %, which leads to
2
||a0a0 + ara; — aa H ) (Oéoao + ora; — aa(n))”
2
= [|Pa (a9 + aja; — 043( H + HP (awag + ara; — aa(n))H
a(n)" i 2
= Ha(n) (”a(n)”2(@0a0 +ajay) — a) + HPaL (cvoag + oalal)‘ ,

then the parameters that minimize the KLD are,

Nyt = arg mleix { HPaJ- (apag + Oélal)HQ}

a(n,,)

0, = arg rnoin {||aoao +oaja; — aa(”?)Hz} A .
Upt = Tagm? (@030 + Q1a1)

(44)

with v,y = p,e?®#t. This result shows that minimizing the KLD between the true and the misspecified
distribution is equivalent to performing misspecified maximum likelihood estimation.
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