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1 Derivation of Convolution Terms Using the Fourier Transform
Properties
Let s(t) be a band-limited signal of bandwidth smaller than B sampled at frequency F; = 1/T; over

N = N, — N; samples. The aim of this note is to provide details on the evaluation of the following
integral terms, for (p, ¢) € [1, P?,

[Wﬂpvq = /Rs(t —1,)s(t —7,)"dt (1)
(Wil,,, = [ (= st = m)stt =) @
(W3l,, = /R st = 7p)s(t — 7p)"dt 3)
(Wil,,, = [t = m)s = 5)ste = 7 @
[Wial,, = [0 m)(t = st = m)stt = ) ®
(W3sl,, = /R s (t —7)s(t — 7)dt 6)

where 7, = 7 + (p — 1)T, 7, = 7 + (¢ — 1) and 7 are time delays, f. is carrier frequency and the
superscript (1) refers to the first time derivative of signal s(t).

1.1 Prior Considerations

First the Fourier transform of a set of functions are to be evaluated. Remembering that the signal is
band-limited of band B < F, one has:

s(t) = FT{s(0)} (f) = S(f) = (Fi > s(nTs)e‘j"’”f”Ts) Uomm] ™)



A first expression is a simple application of the time shift relation when using the Fourier trans-
form of a delayed signal:

(t—=T)s(t—7)=ts(t —7) —7s(t — ) 8)
Then,
FT{(t—7)s(t —=7)} = %% (S(f)e > 7) = rS(f)e 7>
j d —j2nfr
= arapO)e ! (9)

Besides, with the superscript () referring to the first time derivative,
FT{S(l)(t—T)} = jorfS(f)e 2T (10)

1.2 Coefficients of W?
1.2.1 Matrix W?¢

(Wi] = /Rs(t —7p)8(t — 7y)"dt

- / s(u— (p — g)To)s(w)*du
B / S(fle- eIt S () df,

Ey
2

and, using the sum definition of the Fourier transform (7) as a matrices product,

Wi, = & /_ (ST eI (7)) df

Hence
1
(Wi, = 15"V~ 0 a
with
S = ( s(nTy) ... )ﬁlgngNg (12)
v(f) = (.. @ )L (13)
VAL (n) = / (eI (14)
T , 1 k—l=n,

[VA()(n)}k’l - /_é SN f = sine(k — 1 —n) = { 0 else ' (1)



1.2.2 Matrix W)

Hence
1
(Wal,, = 728" V3'(p — ¢)Ds (16)
with V20 defined in (14) and
T
D = ( n )N1§n§N2 a7

1.2.3 Matrix W}

WS
| IS
Il

iy / s(l)(t —7,)s(t — 1,)"dt
- / SO~ (p— g)T) s(u)*du

J/

(10)
Fs

B / A2 fS(f)e T )y af

[SIE
v

= /_ j2nf (sTw(f)*) e 2 @D (sHy(f)) df

=gl (j27r ’ fy(f)l/H(f)e_j%f(p_‘I)df) S.

Hence

=sTVA&(p—¢)s (18)

with
VAL () = jor [ fu(fptt(f)e i (19)



and

o= o [ g

VI

1 .
- k_l_n(cos(w(k:—l—n))—Slnc(k‘—l—n))
0 ifk—1=n,
- { (=Dl /(k =1 —n) else (20)

1.2.4 Matrix W}

(Wil,., = [ (6= m)s(e = m)s(t — )

- / SO(u— (p— g)T3) (us(u))” du

N

%
5 , i d *
- [ amssipe e (L) o

= Fi /2 j2nf (sTu(f)*) e 72 f(p=a) (SHDV(f)) df

_ FisHD (j27r ’ fu(f)uH(f)e‘j2”f(p‘q)df> s.

1
2

Hence

1
(Wil = FSSHDVA’I(]) —q)s (21)

with D and V! defined in (17) and (19) respectively.

1.2.5 Matrix W3,

[Wial,,, = [ (=7 = )slt = )s(t = )

- / (u— (p— ) Tu)s(u — A7) (us(u))* du

-~

- J o—iznfo-ot, (I 4 ’
_/gs oray W) ! (%df (S(f))) df
1 [z

_ (STDV(f>*) e—I2mf(p—q) (sHDu(f)) df
— <D (/2 y(f)uH(f)ejzﬂf(pq)df) Ds.
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Hence

[W3,]  =s"DV2(p—q)Ds (22)

with V20 and D defined in (14) and (17) respectively.

1.2.6 Matrix W3

Hence
(W3s] = Fs"V>(p—q)s (23)
with )
VA2 () =4x? [ Pu(fwl (e iz ndf (24)
_1
and

[va? (n)]kl = m2sinc (k — [ —n)
cos(m(k—1—n)) —sinc(k —1 —n)
: 2
+2 (h—1—n)? (25)
_ [ 73 ifk—1=n,
{ (=D)*r2/(k =1 —n)*  else (26)

2 Details on Orthogonal Projectors Upon Subspaces of a Vector
Subspace

Let Ayy =1[...,ay,,...] form € [1, M] a full-rank matrix of M vectors. The projector upon the vec-
tor subspace defined by the column of A is defined by P4, = Ay, (A% A,) ™" AL Considering
Ay = [Ap—1,a,] where Ay, is the matrix A, without the m-th column, the aim of the following
developments is to decompose this projector into two projectors: one over A, ; and the other over
a,,. A first approach is to simply separate the two components:

-1

PAM = [AMflaam] <[AM7173—m]H [AMflaamD [AMA,am]H (27)
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Developing the inverse term,

1

H -1 . Af/[_lAM—l A]If/[_lam - . Bi1 B
([AMA’ | (A, am]> - [ alAy alla, - | Ba Bag (28)
By resorting to the block matrix inversion lemma [1, Sec. 9.1],
[ A Ay }_1 _ (A1 — A12A521A211)_1 —A Ay (A — A21A1711A;12)_1
Ay Ay — (A22 — A21A1_11A12)7 Ay AT (Azz - A21A1_11A12)7
(29)
one gets the submatrices, defined in (28):
B11 = <AJ\H4_1AM_1 — A]\H/[_lam (agam)fl agAM_1>
. -1
= (Aﬁ_l <I —a,, (alla,) aﬁ) AM,1>
-1
= (AN-1Pg, Avri) (30)
-1 -1 -1
By = — (agam - agAMfl (AJI@AAMA) AJ\H/[—lam) agAMfl (AﬁflAMfl)
_ -1 _
= — (ag (I — AM_1 (AJ\H/[_IA]\/[_l) ! AJ\H/[_1> am> aﬁAM_l (A]\H/[_IAM_1> !
-1 _
— (aﬁPfiM_lam) al Ay (A% Ayy) 31)

By, =— (A Ay_) 'A% a, <agam —af Ay (A% Ayy)” Aﬁ_lam) (32)

Boy = <agam —a, Ay (AJI@AAM*Q_1 Aﬁlam)_l
H H -1 -
= (am (I — Ay, (AM_lAM—l) AM—1> am)
(b ) @

Using the PosDef identity [1, eq. (185)] for P and R invertible, definite positive matrices and B:
(P~'+B"R'B) ' B”R' = PB” (BPB” + R) (34)
& - (P'-B"R'B)'B"R' = —-PB” (R~ BPB") ", (35)

for P = (Aﬁ_lAM_l)fl, R = afla,, and B = all A}, |, (35) allows to rewrite B, as:

m

-1

By =— (AJ\H/I—lpzinAMfl)71 Aﬁ—lam (aZaM) (36)

Hence, the computation goes on,

-1

<[AM717 an)” [An_1, am]) [Anr1,a,]" (37)

(AL PL Ay ) AM (AL PL Ay )T AL a, (afla,) T all

A -1
Hpl H H 1 AH Hpl H
(amPAM_lam> all A1 (AY_JAyoy) A+ (amPAM_lam> a

(38)



and

Pay = A ((AﬁflPimAM—l)_l Ajry — (A]\H471Pi_mAM—1)_1 Afr1an (aHam)_1 aH)

-1 1 -1
+ a,, (— (angAPlam> agAM_l (A]\H4_1AM_1) A]\H4_1 + (aﬁPjMilanJ aﬁ) ,
(39)
thatis, Pa,, = f)AIM—l + P,,, where,
~ -1 —1 -1
Pay ., =Ay (AN Py Ayn) AY L — Ay (A Py Ay1)  Al_ia, (alla,) " al

= AM_1 (A]\H/[_lPi_mAM—l)il Aﬁ—l (I —an (agam)_l aH)

= Ay (AL PE Ay)) AN PL (40)
P, =-a, (angM_lam>_1 al Ay_y (A% Ay ) 'A% ta, (angM_lam>_1 all

—a, (angMilanJ all (I — Aur (A Ay AfH)

= a, (allP%, a.) alP%, . @1

This decomposition is not orthogonal, one cannot show that P AM_lf)am = 0. Here, the aim is to
obtain a decomposition including Py ,, ,, a first step is to project P, over this subspace:

Pam = <PAJ\/I—1 + PX}\{_l) Pam

-1
_ D €L Hpl Hpl
=Pay Pa, + Pk, an (allP5, a,) allP

m Apn—a
N 1 1 H 1 - 1 H
= PAM—IPam + (PA]\/I—Iam> ((PAM—1am> <PAM—1am)> <PAM—1am)
= PAIVI—lf)am + P(pi am> (42)
M-1

Hence, P(P N ) is orthogonal to the subspace defined by A,; 1, the rest (underbraced in the
Ay 2m
following expression) should reduce to Pa,, |,
PAM = ]'SAM—1 + ]'Sam = ]'SAM—1 + PAM—1]‘Sam +P(P1l§ a, ) (43)
~ _y M—1 m

One can verifies this:

f)AA{—l + PAM-l ]'Sam

1 _ -1
= Aur | (AFLPL Av) T AP+ (AN Ay) T A an (afiPE, an) aliP,

(35)

Ap—a

= A1 (Aﬁ,lpgmAM_l)‘lAﬁ,lP;m+2Aﬁ,1P;mAM_1)‘1Aﬁ,lam (agam)_?af{nPl >

-1
= Aur (AP Ay ) AL (PL P, PR ) (44)

J/

-~
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This last underbraced term can be written as

PIJ;m + PamP{AN171 = I - Pam + Pam (I - PAM*I)

= I - PamPA]\/Ifl
- I - PAA471 + PA]\4,1 - PamPA1\471
= PXMf1 + ]':)imleM*1 (45)

which leads to
f)Al\/Ifl + PAlwflf)am
-1
= Ay (A PE Ay ) AT (ij n PaijMfJ
1
Aﬁ_l <Pi1\171 + Pi_mPA]\/f—1>

- —1
= Ay (AY Py Ay) ' Al Py, Ay (AL Py Ayy) A Pr Pay,
—_———

= Ay (Aﬁ—lpimAM—l) )

am

=0
— Ay (AL PE Ay ) AT PE Ay (AT Ay )T AT
= A (‘Afv\i/lfllAM—l)_1 A]\H/lfl =Pay, (46)

Finally, one gets the desired orthogonal decomposition,

Pay =Pa, , + P<PL an) 47

AM—1
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